Abstract. We present a variety of open questions in automatic continuity theory, concentrating on homomorphisms between Banach algebras and derivations from a Banach algebra A into a Banach A-bimodule.
Introduction
In automatic continuity theory, we are concerned with conditions that imply that a linear map between Banach spaces (or more general topological linear spaces) is necessarily continuous. A rather general context in which questions are posed is the following.
Let (A; k k) be a Banach algebra, and let (E; k k) be a Banach space which is an A-bimodule for the maps (a; x) 7 ! a x and (a; x) 7 ! x a. Then E is a weak Banach A-bimodule if the maps x 7 ! a x and a 7 ! x a on E are continuous for each a 2 A. For example, suppose that A and B are Banach algebras and that : A ! B is a homomorphism. Then B is a weak Banach A-bimodule for the module operations given by a b = (a)b and b a = b (a) for a 2 A and b 2 B.
The space E is a Banach A-bimodule if ka xk kak kxk ; kx ak kakkxk (a 2 A; x 2 E) : In the case where A is a commutative algebra and E is symmetric, we say that E is a Banach A-module. For example, a Banach algebra A is a Banach A-bimodule over itself.
Let A be a Banach algebra, and let E be a Banach A-bimodule. Then E 0 , the dual space of E, is a Banach A-bimodule for the operations de ned by hx; a i = hx a; i ; hx; ai = ha x i (a 2 A; x 2 E; 2 E 0 ) : In particular A 0 is the dual module of A.
Let A be a Banach algebra, and let E and F be Banach A-bimodules. A linear map T : E ! F is intertwining if the maps x 7 ! T(a x) ? a Tx and x 7 ! T(x a) ? Tx a from E to F are continuous for each a 2 A. For example, homomorphisms from A to B, as above, are intertwining maps. A derivation from an algebra A into an A-bimodule E is a linear map D : A ! E such that D(ab) = a Db + Da b (a; b 2 a) ; in the case where A is a Banach algebra and E is a Banach A-bimodule, derivations from A to E are intertwining maps. A variety of modi cations of intertwining maps are also intertwining maps.
A key notion is that of the separating space S(T) of a linear map T : E ! F, where E and F are Banach spaces. Here S(T) = fy 2 F : there exists x n ! 0 in E with Tx n ! yg : Clearly S(T) is a closed linear subspace of F, and S(T) = f0g if and only if T is continuous.
Now let A be a Banach algebra, let E and F be weak Banach A-bimodules, and let T : E ! F be an intertwining map. Key ideas in the theory are the stability lemma, the continuity ideal I(T) of T, de ned by I(T) = fa 2 A : a S(T) = S(T) a = f0gg ; and the singularity set (T) of T, de ned in the case where A is a regular Banach function algebra. The theory moves to encompass the prime ideal theorem, the prime kernel theorem, and the main boundedness theorem of Bade and Curtis. When constructing discontinuous homomorphisms and derivations we become involved with torsion-free and divisible modules, algebraic and transcendental elements, and the Mittag-Le er theorem. For all these notions and their applicatons in the theory, see Si2] and Da2].
However the present state of the theory seems to be that these classical theorems do not resolve a number of questions that remain open; we need some clear, new idea.
Homomorphisms
Let A and B be Banach algebras (or more general topological algebras). The automatic continuity problem for homomorphisms is to give (algebraic) conditions on A and/or B to ensure that every homomorphism from A into B is automatically continuous.
Homomorphisms from C( )
Let be an in nite, compact space, and let (C( ); j j ) be the uniform algebra of all continuous functions on . It is known that, with CH, there is a discontinuous homomorphism from C( ) into a Banach algebra Da1], Es3]. For an improvement of part of the proof of this construction, see Es6], Es7]; in particular the paper Es7] of Esterle in this volume signi cantly reduces the length of the proof of the characterization (in the theory ZFC + CH) of those commutative Banach algebras A with the property that there is a discontinuous homomorphism from C( ) into A for each in nite compact space , and in fact surely obtains the optimal proof of this characterization. However this result is not provable in ZFC itself; there are models of set theory such that every homomorphism from each C( ) into a Banach algebra is automatically continuous. An exposition of this latter result is given in DaW]. At rst sight, these results appear to resolve all reasonable questions about homomorphisms from C( ). However some questions remain.
First recall that the following results are known (and quite easy).
(i) Assume that there is a discontinuous homomorphism from`1. Then there is a discontinuous homomorphism from C( ) for each in nite, compact space .
(ii) Assume that there is a discontinuous homomorphism from C( ) for some compact space . Then there is a discontinuous homomorphism from c 0 .
To complete the circle, one would like to establish a positive answer to the following question (where we are working in the theory ZFC).
Question 2.1. Assume that there is a discontinuous homomorphism from c 0 . Is there necessarily also a discontinuous homomorphism from`1?
The above question is reformulated in terms of ultra lters on N in DaWo, x3].
Indeed several variants of the question are given there. I am not aware of any progress on these questions since 1987.
Let be an in nite, compact space, and let : C( ) ! A be a homomorphism into a Banach algebra A. Then it is known from the seminal paper of Bade and Curtis BaCu1] that is automatically continuous on a dense subalgebra of C( ); see Si2, Theorem 10.3] for an extended description of how can be decomposed into`continuous' and`singular' parts. Let I( ) be the continuity ideal of , and let I = I( ) = ff 2 C( ) : f j = 0g ; where is the (necessarily nite) singularity set of . Then it is known that I( ) is the maximum ideal L in C( ) such that j L is continuous, and that I( ) I is an intersection of prime ideals in I. is su cient to consider the following case. Let be a locally compact, non-compact space, and write C 0 and C 0;0 for the algebras of continuous functions on that vanish at in nity and have compact support, respectively. Let : C 0 ! R be a homomorphism into a radical Banach algebra, and set K = ker . Then K C 0;0 and K is an intersection of prime ideals in C 0 . Is it always a nite intersection of primes?
One would like to extend the techniques used in the construction of discontinuous homomorphisms from C( ) to show that there is a discontinuous homomorphism from each commutative, in nite-dimensional Banach algebra A into some Banach algebra. It is proved in Es4] that (with CH) such discontinuous homomorphisms exist in each of the following cases: (i) each prime ideal of A is maximal; (ii) the character space A of A is in nite; (iii) there is a non-maximal, prime ideal P in A such that jA=Pj = 2 @0 . Question 2.3. Does each commutative, in nite-dimensional Banach algebra satisfy at least one of the above conditions (i), (ii), and (iii)?
To establish this, one must show that each commutative, radical Banach R which is not nilpotent contains a prime ideal P with jR=Pj = 2 @0 .
Homomorphisms from non-commutative C -algebras
Let us work in the theory ZFC + CH. We should like to characterize those Calgebras A such that all homomorphisms from A into a Banach algebra are automatically continuous. The following question was already raised in 1983 by Albrecht and Dales ( AlDa]).
Question 2.4. Let A be a C -algebra. Suppose that, for each n 2 N, A has only nitely many irreducible representations of dimension n. Does it follow that every homomorphism from A is automatically continuous?
It is known that, if there exists n 2 N such that A has in nitely many distinct, irreducible representations of dimension n, then (with CH) there is a discontinuous homomorphism from A: for a recent proof of this result, improving earlier versions, see DaRu] . The question we ask was answered positively for the class of so-called AW M-algebras in the original paper; more recently, Ermert ( Er] ) has given a positive answer for a large class of C -algebras, namely, those with`property (S)': a C -algebra A has property (S) if, for each homomorphism from A into a Banach algebra, there exists a closed ideal I in A such that j I is continuous and A=I is subhomogeneous. (A C -algebra B is subhomogeneous if there exists n 2 N such that each irreducible representation of B has dimension at most n.) Ermert's main result is that at least all AF-algebras have property (S).
It is a theorem of Esterle ( Es5] ) that all epimorphisms from the commutative C -algebras C( ) onto a Banach algebra are continuous. The third question raised in AlDa] was the following. Question 2.6. Let A be a C -algebra, let B be a semisimple Banach algebra, and let : A ! B be a homomorphism with dense range. Is automatically continuous?
Again, Ermert ( Er] ) resolves Questions 2.5 and 2.6 positively for the class of C -algebras with property (S).
Assume that A and B are C -algebras and that : A ! B is a discontinuous homomorphism with dense range. Then it follows that there is a non-zero Calgebra A with the bizarre property that it contains a dense subalgebra consisting entirely of quasi-nilpotent elements. No such C -algebra is known; I have hoped for a long time that this is because such a C -algebra does not exist.
The work of Ermert leads us to hope for a positive answer to the following question.
Question 2.7. Does each C -algebra A have property (S)?
Homomorphisms from group algebras
Let G be a locally compact group. Then L 1 (G) denotes the group algebra of G, with convolution multiplication ?. It is standard that (L 1 (G); ?) is a semisimple Banach algebra. In the case where G is abelian, let ? be the dual group, and let F : L 1 (G) ! C 0 (?) be the Fourier transform, with range the self-adjoint, regular Banach function algebra A(?). To resolve the question for A(Z), one would like to know that every prime ideal P in A(Z) has the form A(Z) \ Q for a prime ideal Q in c 0 (Z).
There is an analogue for group algebras of Question 2.4; it is taken from Ru1].
Question 2.9. Let G be a locally compact group. Suppose that, for each n 2 N, G has only nitely many non-equivalent, irreducible, n-dimensional unitary representations. Is every homomorphism from L 1 (G) into a Banach algebra automatically continuous?
The converse to this result has been proved in DaRu] . Volker Runde has pointed out to me that there is a positive answer to Question 2.9 for discrete Moore groups; his proof utilizes a theorem from Th].
There are rather few examples of groups G that satisfy the conditions of Question 2.9. The question is open for the following groups, which do satisfy the conditions: SU(2), O(3), and SO(3). These groups are compact, and hence amenable. Another important example is SL(2; R), which has just one nite-dimensional, irreducible unitary representation; this group is not amenable.
There are further analogues for L 1 (G) of results and questions well-known for C -algebras. Question 2.10. Let G be a locally compact group.
(i) Is every homomorphism from L 1 (G) automatically continuous on a dense subalgebra of L 1 (G)?
(ii) Is every homomorphism from L 1 (G) onto a dense subalgebra of a semisimple Banach algebra automatically continuous?
Again Runde has proved a partial result ( Ru1, Ru3]): both (i) and (ii) have an a rmative answer in the case where G is a Moore group.
Homomorphisms into semisimple algebras
The following question is classical; it generalizes Question 2.6 and 2.10(ii). 
Uniqueness-of-norm
Let (A; k k) be a Banach algebra. Then A has a unique complete norm if jjj jjj is equivalent to k k for each norm jjj jjj such that (A; jjj jjj) is a Banach algebra. A general programme is to classify the Banach algebras which have a unique complete norm. For a comprehensive statement setting out some equivalent and many related conditions, see Pa, Theorem 6.1.5]. It is of course Johnson's famous theorem that a semisimple Banach algebra has a unique complete norm. (A different, short proof of this result was given by Ransford in 1989 ( Ra] ), following Aupetit's breakthrough of 1982 ( Au] ).) Further, many Banach algebras which are not semisimple also have a unique complete norm; for example, this is true of the Volterra algebra ( JeSi] ). On the other hand, there are commutative Banach algebras with 1-dimensional radical that do not have a unique complete norm: the rst example was due to Feldman and is given in BaCu1].
Nevertheless It is known ( Cu] ) that, if there is such a Banach algebra A without a unique complete norm, then there is a commutative, radical Banach algebra which is topologically simple; of course, no such algebra is known. (A Banach algeba A is topologically simple if A 2 6 = f0g and the only closed ideals in A are f0g and A.) Incidentally it is also open whether or not there is a simple, radical Banach algebra; such an algebra is necessarily non-commutative.
Here is a variant of Question 2.12; I have no idea how to begin to attack it.
Question 2.13. Let A be a commutative algebra. Assume that there are norms k k and jjj jjj on A such that both (A; k k) and (A; jjj jjj) are topologically simple Banach algebras. Are the two norms necessarily equivalent?
One might imagine that, to classify those Banach algebras with nite-dimensional radical that have a unique complete norm would be fairly easy. This was attempted by Dales and Loy in DaLo2] . Indeed, a conjecture was made. Let A be an algebra. A minimal radical ideal of A is a (non-zero) minimal ideal of A which is contained in the radical of A. In the case where the radical of A is nitedimensional and non-zero, A contains at least one minimal radical ideal. Let K be an ideal in A. The left and right annihilators of K are K = fa 2 A : aK = 0g; K = fa 2 A : Ka = 0g ; respectively. The conjecture is as follows. Let (A; k k) be a unital Banach algebra with non-zero, nite-dimensional radical. Then A has a unique complete norm if and only if K K has nite codimension in A for each minimal radical ideal K. It is proved that, in the case where K K has in nite codimension in A for some minimal radical ideal K, then A fails to have a unique complete norm. This leaves the converse open. (The paper actually refers to K K as well as K K , but this is an error; this was pointed out by Barry Johnson.) Question 2.14. Let (A; k k) be a unital Banach algebra with non-zero, nitedimensional radical. Suppose that K K has nite codimension in A for each minimal radical ideal K. Does A have a unique complete norm?
It is reasonable to assume that A is separable when seeking an answer to Question 2.14. Various partial results are given in ( DaLo]); the most elementary case that is not resolved is the embarrassing apparently simple case in which (A; k k) is separable, dimR = 2, and R 2 = 0 (where R is the radical of A).
Finally in this section we mention a related result. An algebra A is a topological algebra for a topology if (A; ) is a topological linear space and the product (a; b) 7 ! ab, A A ! A, is continuous. A topological algebra (A; ) is a Fr echet algebra if (A; ) is a complete, metrizable topological linear space and if is speci ed by a (countable) family fp n : n 2 Ng of algebra seminorms; we may suppose that p n (a) p n+1 (a) for each a 2 A and n 2 N. This question has a positive answer in the case where A is commutative ( Ca] ) and in the case where the algebra (A; 2 ) is a Q-algebra. (A topological algebra A is a Q-algebra if Inv A, the set of invertible elements in A, is open in A.) For this, see Fragoulopoulou ( Fr2] ); the case where (A; 2 ) is a Banach algebra is in Es4]. Various papers establish`uniqueness of topology' results for more general topological algebras; see Akkar and Nacir ( AkN] ), for example.
Derivations
We now turn to the automatic continuity of derivations. Let A be a Banach algebra, and let E be a Banach A-bimodule. The space of derivations from A to E is denoted by Z 1 (A; E) and the space of continuous derivations is denoted by Z 1 (A; E); this terminology is consistent with that used in cohomology theory, and used elsewhere in this volume. The automatic continuity problem for derivations is to give conditions on A and/or E for Z 1 (A; E) = Z 1 (A; E).
There is a variety of results asserting that all derivations from certain Banach algebras A are continuous. For example, this is true when A is a C -algebra ( Ri] ), when A is K(E) for a Banach space E with the bounded approximation property, when A is a strong Ditkin algebra, and when A is the Volterra algebra. Nevertheless we have no characterization of Banach algebras with this property, and several speci c examples give open questions.
There is a related area of questions on derivations D from a Banach algebra A to speci c (classes of) Banach A-bimodules E; the most important case is that in which E = A. Here are two famous questions. (ii) Is D(P) P for each primitive ideal P in A?
It is well known that the answers to these questions is positive in the case where D is continuous ((i) is now the Kleinecke{Shirokov theorem and (ii) is due to Sinclair). For a survey of these and related questions, see Ma].
Derivations from commutative Banach algebras
First let A be a commutative, unital Banach algebra. Then we ask when all derivations from A into an arbitrary Banach A-module are continuous. Certainly a necessary condition for this is:
(i) all point derivations from A are continuous. This is equivalent to the condition that M 2 be closed and of nite codimension in A for each maximal ideal M in A.
Consider the following further condition:
(ii) A has no closed prime ideal of in nite codimension.
It was proved by Bade and Curtis in BaCu2] that, if A is separable and conditions (i) and (ii) are satis ed, then all derivations from A into an arbitrary Banach A-module are continuous. The Volterra algebra V, for example, satis es these conditions. It is possible that condition (ii) is also necessary for this result. Thus we ask:
Question 3.2. Let A be a commutative Banach algebra with a closed, prime ideal of in nite codimension in A. Is there necessarily a discontinuous derivation from A into some Banach A-module?
We note that, if there is such a discontinuous derivation into some Banach A-module, then there is a discontinuous derivation into the dual A-bimodule A 0 .
Examples of Banach algebras A satisfying the condition in Question 3.2 are the Banach algebras of power series, such as the disc algebra A(D ) and the algebras 1 (!) for a weight sequence ! on Z + |the latter class includes the algebra`1(Z + ).
In the paper BaDa1], two somewhat di erent constructions are given to show that there are discontinuous derivations from each Banach algebra of power series A|one construction gives a derivation into a torsion-free module, and the other construction gives a derivation into a torsion module. In both cases, the restriction of the derivation D to the subalgebra C X] of A consisting of the polynomials is zero. It is easy to change the constructions so that D(X) 6 = 0. However, in general I cannot see how to arrange that D j C X] is discontinuous; it is proved by Steiniger in this volume ( St] ) that this is possible for certain weights ! (for example, we can take !(n) = (1= log(n + 3)) n (n 2 N)), but the following is open. It follows from Titchmarsh's convolution theorem that L 1 (R + ; !) is an integral domain, and so L 1 (R + ; !) satis es the conditions on A speci ed in Question 2.2. Suppose that ! is a radical weight (i.e., !(t) 1=t ! 0 as t ! 1), so that A = L 1 (R + ; !) is a radical algebra. Since A has a bounded approximate identity, there are no discontinuous point derivations on A.
Question 3.4. Let ! be a continuous, radical weight function on R + . Is there a discontinuous derivation from L 1 (R + ; !) into a Banach L 1 (R + ; !)-module?
The question is open for each !; the case where !(t) = exp(?t 2 ) (t 2 R + ) is a favourite example. For some partial results, and reasons why it is not straightforward to construct discontinuous derivations, see BaDa2].
Derivations from group algebras
The following question is a major challenge. To show that all derivations from L 1 (G) are continuous, it is su cient to show that all derivations from L 1 (G) into the bimodule L 1 (G G) are continuous ( Wi] ).
The result for intertwining maps is true whenever G is abelian, whenever G is compact, and whenever G is locally nite. These special cases are immediate consequences of a positive result of Runde ( Ru2] ) for SIN groups with polynomial growth. An attractive partial quest is to seek to prove the result for: (i) all locally compact, amenable groups; (ii) all discrete groups.
In fact, it is proved by Willis in Wi] that a negative answer to Question 3.5 would imply one of the following: (1) there is a discontinuous derivation from 1 (F @0 ), where F @0 is the free group on countably many generators; (2) there is a discontinuous`1(G)-module homomorphism from L 1 (G) for some G. In a footnote to his paper, Willis claims that (2) cannot happen, but unfortunately it seems that this result has not been published. At least this suggests that the key`test case' for Question 3.5 is the group F @0 . The following result of Willis, given in a lecture at the conference, may be helpful (as well as being of interest in its own right). Let I be a closed ideal of nite codimension in a group algebra L 1 (G). Then I can be written as a sum I = J + K, where J is a closed left ideal with a bounded right approximate identity and K is a closed right ideal with a bounded left approximate identity. In particular I 2 = I. Let D be a derivation into a Banach L 1 (G)-bimodule, and let I = I(D) be the (necessarily closed) continuity ideal of D. We rst suppose that I has nite codimension in L 1 (G). Then Willis's result implies that D is automatically continuous. Thus it is su cient to deal with the case where I has in nite codimension. Willis's result at least shows that every derivation from L 1 (G) into a nite-dimensional Banach L 1 (G)-bimodule is automatically continuous.
Here is a particularly intractable example. It is known that, for a su ciently large prime number p, there is an in nite periodic group G p such that each element other than the identity has order p. Are all derivations from`1(G p ) automatically continuous? Let x; y 2 G p nfeg. Can we say that the spectrum ( x + y ) is totally disconnected? Here x denotes the characteristic function of fxg. If so, this could be a useful rst step towards proving that derivations from`1(G p ) are continuous. an intertwining map, but there are intertwining maps that are not derivations. We wish to know when all intertwining maps from A into E are continuous; in fact, all the proofs of the results that were mentioned in x3 that show that all derivations from A into E are continuous already show that all intertwining maps from A into E are continuous. It is the case that there is a Banach algebra (A 0 ; k k) such that A 2 0 = A 0 , and so there are no non-zero point derivations at 0 on A 0 , but such that the projective norm k k on A 0 is not equivalent to the given norm k k, and so there is a discontinuous linear functional on A 0 which is an intertwining map into the annihilator Banach A 0 -bimodule C ; this example is given by Dixon in Di1]. However the algebra A 0 is non-separable; for separable Banach algebras (A; k k), the projective norm k k on A 2 is equivalent to k k whenever A 2 has nite codimension in A ( Lo] ). This suggests that there is a possibility of a positive answer to the following question. For a formidable attack on this question|itself raising a deep and important question in the theory of analytic functions of several complex variables|see the paper DiEs] of Dixon and Esterle. In this paper, the authors produce a speci c commutative Fr echet algebra which is a`test case' for Question 5.1. However the main theorem of the paper is a remarkable result that shows that, if there exists a sequence of analytic maps in several variables with a certain property, then indeed all characters on all commutative Fr echet algebras are continuous. A slightly special case of this main theorem leads to the following question. In the question, O(C 2 ; C 2 ) denotes the class of all analytic maps from C 2 into C 2 ; these maps have the form (z; w) 7 ! (G(z; w); H(z; w)); C 2 ?! C 2 ; where G and H are analytic functions of two complex variables.
Intertwining maps
Question 5.2. Does there exist a sequence (F n ) in O(C 2 ; C 2 ) such that \ (F 1 F 2 F n )(C 2 ) = ; ?
It is remarkable that, if we could nd such a sequence, then we would have a positive answer to Michael's problem. Alternatively, if we could prove that there is no such sequence, then we would have a remarkable result in the theory of analytic functions of several variables related to the big Picard theorem.
Let A be an algebra with an involution . A positive functional on A is a linear functional on A such that (a a) 0 (a 2 A). We say that z 2 C is a critical eigenvalue of the pair (R; S) if z is an eigenvalue of S and (zI E ? R)(E) has in nite codimension in E. The operator R is algebraic if p(R) = 0 for some non-zero polynomial p 2 C X]. The algebraic spectral space E S of S is the maximum linear subspace G of F such that (zI F ? S)(G) = G for each z 2 C .
The following theorem is proved in Si1]. Suppose that either (i) (R; S) has a critical eigenvalue, or (ii) R is not algebraic and E S 6 = f0g. Then there is a discontinuous linear map T : E ! F such that TR = ST.
The required converse was proved by Laursen and Neumann in ( LaN1] ) under the extra hypotheses that R is decomposable and S is super-decomposable, and the result was proved in LaN2] under somewhat weaker conditions on R and S. Can we resolve the question at least in the case where both R and S are decomposable? The converse is also proved in Si2, x4] under the hypothesis that (S) be countable and under the hypothesis that (R) \ (S) = ;. There are obvious weakenings of these various hypotheses that give attractive challenges.
For example, what happens if (R) \ (S) is countable?
